The paper deals with a special problem concerning the transport of electrically charged species via di usion, drift, and reaction mechanisms. We p r o ve f o r a v ariety of models that without knowing any a priori estimate for the chemical potentials one can estimate the free energy from above by the corresponding dissipation rate. The inequality presented here can beinterpreted as a nonlinear analogue of Korn's Inequality or Poincar e's Inequality. As a consequence of our main result we show that the free energy approximates its equilibrium value exponentially as time tends to in nity.
Introduction
In this paper we prove that for many models of reaction{di usion processes of electrically charged species the free energy can be estimated from above by the corresponding dissipation rate. Such an estimate is of interest for several reasons.
First we should mention that reaction{di usion processes of species some of which are electrically charged take place in many branches of technology, for example in microelectronics.
Next we want to emphazise that by means of our estimate it is easy to show that the free energy approximates its equilibrium value exponentially as time tends to in nity. For this purpose one does not need further upper or lower bounds for concentrations or chemical potentials. On the contrary, the asymptotic behaviour of the free energy can beused as a starting point for a Moser iteration leading to L 1 -bounds for the chemical potentials.
Finally we note that the inequality we prove can be seen as a nonlinear analogue of Korn's Inequality and Poincar e's Inequality. To a certain extent the proof of our main result follows the proofs of these inequalities. Let us mention that in the eld of mechanics another nonlinear analogue of Korn's Inequality h a s been proved by Kohn 8] .
An estimate of the same kind as the main result of this paper had been proved for reaction{di usion processes of uncharged species by Gr oger 5] . For a special case with only one kind of charged dopants analogous results have been obtained under the so called electroneutrality condition by 2], 3]. Glitzky and H unlich 4] present a more general result with arbitrarily many charged species. They assume that the relations between chemical potentials and concentrations of the species are governed by Boltzmann statistics. Moreover, they allow reactions to take place in the interior and on the boundary of the domain occupied by the species. In the present paper we generalize these ideas to a broader class of statistics and to more general reaction terms. In addition we include a nonlinear (capacity) term into the Poisson equation for the electrostatic potential. This allows to treat models arising by eliminating some of the species (cf. H ofler, Strecker 7] ). Whereas for Boltzmann statistics concentrations and chemical activities are of the same order of magnitude, in the general case treated here this is no longer the case. To overcome the di culties related to this fact we need additional a priori estimates. Because we are able to present satisfactory a priori estimates only for the spatially two-dimensional case we restrict our considerations from the beginning to that case. Our new a priori estimates are essentially based on a w ell known imbedding result by Trudinger (see 11] ).
The paper is organized as follows. In Section 2 we introduce the model equations, we explain the notation adopted in this paper, and we state the basic assumptions with respect to the data of the problem under consideration. In Section 3 we deal with equilibrium states. We introduce a class of sets which are invariant with respect to the transient problem, and we s h o w that each of these classes contains a unique equilibrium state. This section follows closely to the lines of the corresponding section of 4]. In the last section we f o r m ulate and prove our main result, the estimate of the free energy by the dissipation rate which leads to the exponential decay of the free energy to its equilibrium value along trajectories of the system.
Model equations, notation, and assumptions
In this section we describe the mathematical model of the processes we are interested in. Simultaneously, we introduce an appropriate notation and we formulate the assumptions needed in the main part of the paper.
Let X 1 : : : X m be species, and let q 1 : : : q m be the speci c charges of X 1 : : : X m , respectively, i.e., let q i 2 IR i = 1 : : : m (A1) bethecharge of a mass unit of the species X i i = 1 : : : m :
We assume that X 1 : : : X m occupy , where is a bounded Lipschitzian domain in IR 2 : (A2) As mentioned in the introduction, we restrict our considerations to the two-dimensional case because only in this case the results we can prove are satisfactory. As ususal, H 1 ( ) denotes the Sobolev space of square integrable functions on with square integrable rst derivatives. For the norm of a function v 2 H 1 ( ) we write kvk H 1 . We introduce D : H 1 ( ) ;! The species X 1 : : : X m take part in chemical reactions. Some of these reactions may be concentrated to the boundary of or to interfaces between di erent parts of . In order to treat all reactions in a uni ed manner we proceed in a way which is not standard but seems to be quite useful. We assume that a measure on is given such that {measurable subsets of are Lebesgue measurable (A3) and
for some increasing function ' : I R + ;! IR + here denotes the Lebesgue measure on . With respect to the electrical eld we assume that it is given as ;Dv 0 , where v 0 is the electrostatic potential. This is a standard assumption in semiconductor theory. It means that changes of the magnetic eld are so slowly that they can be neglected. To describe the ows j 1 : : : j m of the species X 1 : : : X m we n e e d t h e q u a n tities i := q i v 0 +v i i = 1 : : : m , the so called electrochemical potentials of the species. The gradient D i is to be interpreted as the driving force for j i . In the simplest case j i is proportional to ;u i D i . We shall assume 
These assumptions are such that several cases of practical interest are included. We d o n ' t allow, however, the ow j i to depend on all gradients D 1 : : : D m .
To describe chemical reactions we assume that R 6 Z m + 6 Z m + is a nite subset.
(A7)
A p a i r ( ) 2 R represents the vectors of stoichiometric coe cients of a pair of reactions, usually written in the following form:
We shall assume that the net rate of this pair of reactions is of the form k (a ; a ), where k is a reaction coe cient, a i := exp( i ) is the electrochemical activity of X i , and a := Q m i=1 a i i . The di erence of this model to standard mass action kinetics is that concentrations are replaced by activities. This is necessary for the model to be in accordance with the Second Law of Thermodynamics (cf. Othmer 10] ). With respect to the reaction coe cients k ( ) 2 R we require that k 2 L 1 + ( )nf0g for ( ) 2 R :
Reactions taking place on the boundary @ can bedescribed by functions k supported on @ : (It was this possibility t o treat reactions on the boundary@ in the same way as reactions in which lead us to the introduction of the measure .) The net production rate of species X i corresponding to the reaction rates for all reactions taking place is
The continuity equation for the concentrations taking into account reaction, di usion, and drift processes can bewritten as follows: where " is the dielectric permittivity a n d e 0 is a function modeling capacities (in the interior or on the boundary of ). We assume that " 2 L 1 ( ) "
e 0 :
IR ;! IR is such that e 0 (x ) : I R ;! IR is continuous for ;almost every x 2 e 0 ( y ) : ;! IR is ;measurable for every y 2 IR je 0 (x y)j exp( ;1 (jyj + 1 ) ) e 0 (x y) ; e 0 (x ) u 0 (x)(y ; ) for y > x 2 and some u 0 2 L 1 + ( )nf0g:
In order to give a more precise formulation of the equations (2.3), (2.4) we introduce the following spaces: As mentioned in the introduction we are mainly interested in a relation between the free energy and the dissipation rate. To describe this relation we need some information about stationary solutions to (2.13).
3. Equilibria This lemma can be proved similarly as the preceding one. Therefore, we omit the details. 
Estimation of the Free Energy
Therefore it is su cient to prove that, under the hypotheses of the theorem,
2. We assume (4.3) to befalse. Then we can nd u n 2 U + u 0 v n 2 V n2 IN such that u n = E v n F(u n ) R F(u n ) ; F(u ) = C n 1 (v n ) > 0 provided that 1 r = 1 2 + 1 p . The right hand side of (4.7) converges to 0 as n ;! 1 (cf.
(4.6)). Passing to a subsequence if necessary we may assume that a n ;! a in W 1 r ( IR m ) r 2 1 2 v n0 ;; * v 0 in H 1 ( ) where Da = 0. In addition we may assume that the sequence (a n ) converges pointwise almost everywhere (with respect to ) to a. The preceding estimates show that, passing to a subsequence if necessary, we may assume that b ni ;! b i in W 1 r ( ) r < 2 ṽ n0 ;; *ṽ 0 in H 1 ( ) ũ n ;; *ũ in L p ( I R m+1 ) 1 p < 1 and that the sequences (b ni ) (ṽ n0 ) converge pointwise almost everywhere with respect to in .
7. In view of u n 2 U + u 0 we h a ve 1 n (u n ;u) 2 U: Passing to the limit we nd thatũ 2 U:
In particular, Remark 4.6. One could admit more general functions e 1 : : : e m than those described by (2.11) and (A5). We don't go into details here because all functions we met in applications satisfy our hypotheses.
Remark 4.7. We could treat also systems where in addition to the di usion in other di usion processes take place on the surface @ or on interfaces because the additional processes l e a d t o a n increase of the dissipation rate.
